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Abstract 

The goal of this article is to prove that there exist at least two classes 
of nonlinear polynomials that are partition regular on N. 
To prove this result we introduce a technique based on Nonstandard Anal- 
ysis and ultrafilters. In synthesis, the technique consists of two facts: the 
first fact is that, as it is well-known in literature, the partition regularity 
of specifical polynomials is equivalent to the existence of particular ultra- 
filters; the second fact, which is showed in this work, is that the existence 
of such ultrafilters can be studied from the point of view of nonstandard 
analysis. 

The core of this second fact is a result, called "Polynomial Bridge The- 
orem", that entails that the partition regularity of a given polynomial 
P(xi, x n ) is equivalent to the existence of an ultrafilter U on N and 
elements qi, ct n in the monad of U (constructed in a properly enlarged 
hyperextension *N of N) such that P(ct\, a n ) = 0. 

Keywords. Infinite Combinatorics, Nonstandard Analysis, Ultrafilters, 
Partition Regularity, Polynomials. 

Mathematics subject classification: 03H05, 05D10, 12L15. 

1 Introduction 

We say that a polynomial P(xi, x n ) is partition regular onM= {1, 2, ...} if 
whenever the natural numbers are finitely colored there is a monochromatic solu- 
tion to the equation P(x\, x n ) = 0. The problem of determining which poly- 
nomials are partition regular has been studied since Issai Schur's work [Scl6 , 
and the linear case was settled by Richard Rado in [Rad33] : 

Theorem 1.1 (Rado). Let P(xi,...,x n ) — XhLi diXi be a linear polynomial 
with nonzero coefficients. The following conditions are equivalent: 
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1. P(x\, ...,x n ) is partition regular on N; 

2. there is a nonempy subset J of {I, such that ^2 a j = 0- 

In his work, Rado also characterized the partition regular systems of linear 
equations and since then this has become the main stream of the research in 
this field. One other possible direction is the study of the partition regularity 
for nonlinear polynomials (see e.g. |BR91| . |CGS| ). which is the problem we 
face in this paper. 

To precisely formalize the problem, we recall the following definitions: 
Definition 1.2. A polynomial P(x±, ...,x n ) is 

• partition regular (on N) if for every natural number r, for every par- 

r 

tition N = |J Ai, there is an index j < r and nonzero natural numbers 
i=i 

a\, a n G Aj such that P(ai, a n ) = 0: 

• injectively partition regular (on N) if for every natural number r, for 

r 

every partition N — (J A4 , there is an index j < r and mutually distinct 
i=l 

nonzero natural numbers a\, a n £ Aj such that P(ai, a n ) = 0. 

While the linear case is settled, very little is known in the nonlinear case, 
apart from the multiplicative analogue of Rado's Theorem, that can be deduced 
from Theorem 1 1.1 1 by considering the map exp(n) = 2 n : 

Theorem 1.3. Let n,m > 1, ai, a n , b\, b m > be natural numbers, and 

n m , 

P(x 1 ,...,x n ,y 1 ,...,y m ) = EI X T ~ II Vj ■ 

t=i j=i 

The following two conditions are equivalent: 

1. P(xx, x n , yx, y m ) is partition regular; 

2. there are two nonempty subsets I\ C {l,...,n} and I2 Q {l,...,m} such 
that a i = S bj. 

As far as we know, perhaps the most interesting result in the context of 
partition regularity of nonlinear polynomials is the following: 

Theorem 1.4 (Hindman). For every natural numbers n,m > 1, with n+m > 3, 
the nonlinear polynomial 

n rn 

xi - n % 

»=i 3=1 

is injectively partition regular. 
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Theorem ll.4l is a particular consequence of a far more general result that has 
been proved in |Hinll| . The interesting property of the polynomials involved in 
Theorem ll.4l is that they are constructed by combining sums and multiplications 
of variables. 

The two main results of our work are generalizations of Theorem 11.41 

n 

In Theorem 13.31 we prove that, if P{x\, x n ) — a i x i i s a linear partition 

i=l 

regular polynomial, y±,...,y m are not variables of P(x\, x n ), and F\,...,F n 
are subsets of {1, ...,m}, the polynomial 

n 

R{xi, ...,x n ,yi, ...,y m ) = '^a l {x l ■ yj) 

i=l jCFi 

(having posed Yl Uj ' = 1 if F% = 0) i s injectively partition regular. E.g., as 
a consequence of Theorem 13.31 we have that the polynomial 

P(xi,x 2 , x 3 ,X4,,yi,y2, 2/3) = 2xi + 3x 2 yiV2 - 5^32/1 + x 4 y2V3 

is injectively partition regular. The particularity of polynomials considered 
in Theorem 13.31 is that the degree of each of their variables is one. In Theorem 
14.21 we prove that, by slightly modifying the hypothesis of Theorem 13.31 we 
can ensure the partition regularity for many polynomials having variables with 
degree greater than one: e.g., in conseque of Theorem 14.21 we get that the 
polynomial 

P(x,y, Z, tl,t2,*3,*4,*5,*6) = tit 2 x 2 + t 3 t 4 y 2 - t 5 t 6 z 2 

is injectively partition regular. 
The technique we use to prove our main results is based on an approach to 
combinatorics by means of nonstandard analysis: the idea behind this approach 
is that, as it is well-known, problems talking about partition regularity can 
be reformulated in terms of ultrafilters and, following an approach that has 
something in common with both the one used by Christian W. Puritz in his 
articles |Pu71j . |Pu72| and the one used by Joram Hirschfeld in [Hir88] and by 
Greg Cherlin and Joram Hirschfeld in [CH72| . we show that some properties 
of ultrafilters can be translated, and studied, in terms of sets of hyperintegers. 
This can be obtained by associating, in particular hyperextensions *N of N, to 
every ultrafilter IA its monad fJ.(U): 

fi(U) = {a e*N I a G*A for every A £ U}, 

and then proving that some of the properties of U can be deduced by proper- 
ties of jJb{U). In particular, we prove that a polynomial P{x\, x n ) is injectively 
partition regular if and only if there is an ultrafilter ti 1 and mutually distinct 
elements ot\, a n in the monad of Lt, such that P(ai, a n ) = 0. 
We assume the knowledge of the nonstandard notions and tools that we use, 
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in particular the knowledge of superstructures, star map and enlarging proper- 
ties (see, e.g., |CK90j ). We just recall the definition of superstructure model of 
nonstandard methods, since these are the models that we use: 

Definition 1.5. A superstructure model of nonstandard methods is a 

triple (V(X),V(Y),*) where 

1. a copy o/N is included in X and in Y; 

2. Y(X) and V(Y) are superstructures on the infinite sets X , Y respectively; 

3. * is a proper star map from V(X) to V(Y) that satisfies the transfer prop- 
erty. 

In particular, we use single superstructure models of nonstandard methods, 
i.e. models where V(X) = V(Y), which existence is proved in |Ben95| . [DN97J 
and [BDN03] . These models have been chosen because they allow to iterate 
the star map and this, in our nonstandard technique, is needed to translate the 
operations between ultrafilters in a nonstandard setting. 

The paper is organized as follows: the first part, consisting of section 2, contains 
an introduction that covers all the needed nonstandard results. In the second 
part, that consists of sections 3 and 4, we apply the nonstandard technique to 
prove that there are many nonlinear injectively partition regular polynomials. 
Finally, in the conclusions, we pose two questions that we think to be quite 
interesting and challenging. 



2 Basic Results and Definitions 

2.1 Notions about Polynomials 

In this work, by "polynomial" we mean any object P(xi, x n ) G Z[X], 
where X is a countable set of variables, pf in (X) is the set of finite subsets of X 
and 

Z[X] = 1J Z[Y]. 

Given a variable x G X and a polynomial P{x\, x n ), we denote by dp(x) 
the degree of x in P(x\, ...,x n ). 

Convention: When we write P(x%, ...,x n ) we mean that all 
and only the variables of P(x%, ...,x n ): for every variable x £ X, dp(x) > 1 if 
and only if x £ {x\, ...,x n }. The only exception is when we have a polynomial 
P(xi, x n ), and we consider one of its monomial: in this case, for sake of 
simplicity, we write the monomial as M(x%, x n ) even if some of the variables 
Xi, x n can have degree zero in M(x\, x n ). 
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Given the polynomial P(x%, x n ), we call set of variable of P(xi, x n ) 
the set V(P) = {xi, ...,x n }, and we call partial degree of P(xi, x n ) the 
maximum degree of its variables. 

We recall that a polynomial is linear if all its monomials have degree 1 and it is 
homogeneous if all its monomials have the same degree. Among the nonlinear 
polynomials, an important class for our pourposes is the following: 

Definition 2.1. A polynomial P(xi, x n ) is linear in each variable (from 
now on abbreviated as I.e. v.) if its partial degree is 1. 

Rado's Theorem 11.11 leads naturally to introduce the following definition: 

Definition 2.2. A polynomial 

k 

P(xi,...,x n ) = aiMi(xi,...,x n ), 

where Mi(x%, x n ), Mk(x\, x n ) are the distinct monic monomials of 
P(xi, x n ), satisfies Rado's Condition if there is a nonempty subset J C 

{1, k} such that ^2 a j = 0- 

jeJ 

Observe that Rado's Theorem talks about polynomials with costant term 
equal to zero. In fact Rado, in [Rad33j, proved that, when the costant term 
is not zero, the problem of the partition regularity of P(xi, ...,x n ) becomes, in 
some way, trivial: 

Theorem 2.3 (Rado). Suppose that 

n 

P(xi, ...,x n ) = (J2 aiXi) + c 
t=i 

is a polynomial with non-zero constant term c. Then P(x\, ...,x n ) is partition 
regular on N if and only if either 

1. there exists a natural number k such that P(k, k, k) — or 

2. there exists an integer z such that P(z, z, z) = and there is a nonempty 
subset J of {1, n} such that ^ aj =0. 

In order to avoid similar problems, we make the following decision: all the 
polynomials that we consider in this paper have constant term equal to zero. 
The last fact that we will often use regards the injective partition regularity of 
linear polynomials. In [HL06J, the authors proved, as a particular consequence of 
their Theorem 3.1, that a linear partition regular polynomial is injectively par- 
tition regular if it admits at least one injective solution and, since this last con- 
dition is true for every such polynomial (except the polynomial P(x, y) = x — y, 
of course), they concluded that every linear partition regular polynomial on N 
is also injectively partition regular. We often use this fact when searching for 
the injective partition regularity for nonlinear polynomials. 



2.2 The Nonstandard Point of View 



In this section we introduce the results that allow to study the problem 
of partition regularity of polynomials with nonstandard techniques applied to 
ultrafilters. We suggest [HS98J as a general reference about ultrafilters, [ACH97] , 
[BDNF06J or [R066J as introductions to nonstandard methods and [CK90J as a 
reference for the model theoretic notions that we use. 

As stated in the introduction, we assume the knowledge of the basic notions of 
nonstandard analysis. 

The study of partition regular polynomials can be seen as a particular case of a 
more general problem: 

Definition 2.4. Let J 7 be a family, closed under superset, of nonempty subsets 
of a set S . J- is partition regular if, whenever S = A\ U ... U A n , there exists 
an index i < n such that Ai G T . 

Given a polynomial P(xi, x n ), we have that P{x\, x n ) is (injectively) 
partition regular if and only if the family of subsets of N that contain a nonzero 
(injective) solution to P{x\, ...,x n ) is partition regular. We recall that partition 
regular families of subsets of a set S are related to ultrafilters on S: 

Theorem 2.5. Let S be a set, and J- a family closed under supersets of nonempty 
subsets of S . Then J- is partition regular if and only if there exists an ultrafilter 
U on S such that WC J. 

Proof. Apart from a slightly changed formulation, this is Theorem 3.11 in 

□ 

Theorem 12.51 leads to introduce two special classes of ultrafilters: 

Definition 2.6. Let P(x\, x n ) be a polynomial, and U an ultrafilter on N. 
Then: 

1. U is a <jp -ultrafilter if and only if for every set A G U there are di, a n G 
A such that P(ai, .., a n ) = 0; 

2. IA is a bp -ultrafilter if and only if for every set A G U there are mutually 
distinct elements a±, a n G A such that P{a\, .., a n ) = 0. 

As a consequence of Theorem 12.51 it follows that a polynomial P(x\, ...,x n ) 
is partition regular on N if and only if there is a ap -ultrafilter U on N, and it is 
injectively partition regular if and only if there is a tp-ultrafilter on N. 
The idea behind the researches exposed in this article is that such ultrafilters 
can be studied, with some important advantages, from the point of view of 
Nonstandard Analysis. The models of nonstandard analysis that we use are 
the single superstructure models satisfying the c + -enlarging property, which 
existence has been proved, e.g., in |Ben95] . |DN97j and |BDN03j . 
The c + -enlarging property allows to associate ultrafilters to hyperintegers: 
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Proposition 2.7. (1) Let *N be a hyperextension o/N. For every hypernatural 
number a in *N ; the set 

H Q = {A e N | a e*A} 

is an ultrafilter on N. 

(2) Let *N be a hyperextension ofN with the c + -enlarging property. For every 
ultrafilter U on N there exists an element a in *N such that U = il a . 

Proof. These facts are proved, e.g., in |HM69) and in |Lux69j . 

□ 

Definition 2.8. Given an ultrafilter U on N, its set of generators is 

G u = {a e*E | U = il a }. 

E.g., if IA = il„ is the principal ultrafilter on n, then Gu = {n}- 
Here, a disclaimer is in order: in literature, the set Gu is usually called "monad 
of U" (and usually denoted as fi(U)). We decided to rename it "set of generators 
of U" because, as we show in Theorem l2.9[ many combinatorial properties of U 
can be seen as actually "generated" by properties of elements in Gu- 
The following is the result that motivates our nonstandard point of view in the 
study of partition regularity of polynomials: 

Theorem 2.9 (Polynomial Bridge Theorem). Let P(xi, x n ) be a polynomial, 
and U an ultrafilter on /3N. Then the following two conditions are equivalent: 

1. for every set A in U there are mutually distinct elements a\,...,a n in A 
such that P(a\, ...,a n ) =0; 

2. there are mutually distinct elements ct\, a n inGu such that P(a\, ...,a n ) — 
0. 

Proof. (1) (2): Given a set A in U, consider 

Sa = {(^l) •••) o-n) £ A n | a\,...,a n are mutually distinct and P(ai,...,a„) = 0}. 

Observe that, by hypothesis, Sa is nonempty for every set A in U, and that 
the family {Sa}agu has the finite intersection property. In fact, if A\, A m £ 
U, then 

s Al r\...ns Am =s Ain ... nAm ^0. 

By c + -enlarging property, the intersection 

S = f]*S A 

Aeu 

is nonempty. Since, by construction, 

"for every (ai, a n ) € Sa Hi, a n are mutually distinct and 
P(ai,...,a n ) =0", 
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by transfer it follows 

"for every (a±, a n ) (z*Sa «i, ot n are mutually distinct and P(otx, a n )". 

Let (ai, a n ) be an element of S. As observed, P(ai, a n ) — 0, a±, a n 
are mutually distinct and, by construction, a\,...,a n £ Gu since, for every in- 
dex i < n, for every set A in G* A 

(2) =>- (1): Let «i, a n be mutually distinct elements in Gu such that P(ai, a n ) = 
0, and suppose that (1) does not hold. Let A be an element of IA such that, for 
every mutually distinct a\, a n in A \ {0}, P(ai, a„) 7^ 0. 
Then by transfer it follows that, for every mutually distinct m *A 

P(£i, ...,£n) 7^ 0; in particular, as Gu C*A, for every mutually distinct £1, ...,£„ 
in Gu P(£i, 7^ 0, and this is absurd. Hence (1) holds. 

□ 

Remark 1: Similar results hold if we require only some of the variables to 
take distinct values: e.g., if we ask for solutions where x% ^ x%, but we make no 
further requests on the remaining variables, we have that for every set A in ti 
there are a±, a n with a% ^ C12 and P(ai, a n ) = if and only if in Gu there 
are «i, a n with a\ ^ 011 and P(ai, a n ) = 0. 

Remark 2: The Polynomial Bridge Theorem is a particular case of a far 
more general result, that we called Bridge Theorem, that has been proved in 
|Lupl2| (Theorem 2.2.9). Roughly speaking, the Bridge Theorem states that, 
given an ultrafilter U and a first order open formula ip(x\, x n ), for every set 
A G U there are elements ai,...,a„ £ A such that <p{a\, a n ) holds if and 
only if there are elements «i,...,a n in Gu such that <p(ot.\, a n ) holds. E.g., 
every set A in U contains an arithmetic progression of lenght 7 if and only if 
Gu contains an arithmetic progression of lenght 7. 

As an immediate consequence of Theorem 12.91 and Remark 1 we have the 
following important corollary: 

Corollary 2.10. Let P(xi, x n ) be a polynomial, and IA an ultrafilter on N. 
Then: 

1. IA is a a p -ultrafilter if and only if there are generators 011, a n oflA such 
that P(«i, a n ) = 0; 

2. IA is a bp -ultrafilter if and only if there are mutually distinct generators 
ax, a n oflA such that P{a±, a n ) = 0. 

Since, in the following, we use also operations between ultrafilters, we recall 
a few definitions about the space /3N (for a comprehensive tractation of this 
space, we suggest }HS98| ): 

Definition 2.11. /3N is the space of ultrafilters on N, endowed with the topology 
generated by the family {Qa I A C N), where 



e A = {Ue/3N\ AelA}. 

An ultafilter IA G (3N is called principal if there exists a natural number 
neN such that U = {A C N | n G A}. 

Given ultrafilters IA,V ', IA V is the ultrafilter such that, for every set iCN, 

4eMffiV«{neN|{meM|n + me4}eV}eM. 

Similarly, IA V is the ultrafilter such that, for every set iCN, 

AeUQV\{neN\{meN\n-meA}eV}eU. 

An ultrafilter IA is additively idempotent if "LA = LA © LA ; similarly, IA is 
multiplicatively idempotent ifIA = IA QlA. 

To study ultrafilters from a nonstandard point of view we need to translate 
the operations 0, and the notion of idempotent ultrafilter in terms of genera- 
tors. These translations involve the iteration of the star map, which is possible 
in single superstructure models (V(X),Y(X), *) of nonstandard methods: 

Definition 2.12. For every natural number n we define the function 

S n : V(X) -+ V{X) 

by posing 

Si = * 

and, for n > 1, 

S n +1 = *0 S n . 

Definition 2.13. Let {Y(X) 1 W(X), *} be a single superstructure model of non- 
standard methods. We call lj -hyperextension of N, and denote by *N, the 
union of all hyperextensions S n (N) : 

*N= (J S nW- 

net! 

Observe that, as a consequence of the Elementary Chain Theorem, *N is a 
nonstandard extension of N. 

To the elements of *N is naturarly associated a notion of "height": 

Definition 2.14. Let a e*N \ N. The height of a (denoted by h(a)) is the 
least natural number n such that a G S n (N) . 

By convention we pose h(a) — if a e N. Observe that, for every a G*N\N 
and for every natural number neN, h(S n (a)) = h(a) + n, and that, by 
definition of height, for every subset A of N and every element a G*N, a G* A if 
and only if a G Sh( a )(A). 

A fact that we will use often is that, for every polynomial P(x\, x n ) and 
every tp-ultrafilter IA, there exists in Gu a solution a\, ...,a n to the equation 
P(x\, x n ) — with h(oti) — 1 for all i < n: 
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Lemma 2.15 (Reduction Lemma). Let P(x\, x n ) be a polynomial, and U 
a Lp-ultrafilter. Then there are mutually distinct elements ai,...,a n € G^D*N 
such that P(ai, a n ) = 0. 

Proof. This is just the application of the Polynomial Bridge Theorem to *N C*N. 

□ 

Two observations: first of all, the analogue result holds if U is just a ap- 
ultrafilter; furthermore, for every natural number m > 1 there are mutually 
distinct elements of height to in Gu that form a solution to P(xi, x n ): if 
ct\, a n are given by the Reduction Lemma, just pick SVn-i^i), 5 m _i(a n ). 
Now we are ready to prove that the w-hyperextension gives an useful framework 
to translate the operations of sum and product between ultrafilters: 

Proposition 2.16. Let a, j3 G*N, U = il Q and V = Hp, and suppose that 
h{a) = h(P) = 1. Then: 

1. for every natural number n, il a = iXs n ( a )! 

2. a+*/3 e Guev; 

3. a-* (3 G G UQ v- 

Proof. 1) We show the equivalence for n = 1, since the other cases easily follow 
by induction. 

The equivalence is an easy consequence of the transfer property: in fact, for 
every subset A of N, we have 

a e'A ^ae S h{a) (A) <^*a e S h(a)+1 (A) 0*a e'A. 

So, for every subset A of N, a and *a are both in 'A or both in °A C , and 
this entails that they generate the same ultrafilter. 
2) By definition, for every A C N, A is in U © V if and only if the set 

{n e N | {to e N | n + m G A} e V} 

is in U. Since a, [3 are generators respectively oiU,V this condition holds if 
and only if 

(t)a G*{n G N | /3 E*{m G N | n + to G A}}. 

As, by transfer, *{to GN|n + TOG^} = {?7 G*N | n + n G S b (A)}, (f) can 
be rewritten in this way: 

a e*{n G N | n + f3 G*A}. 

By transfer 

*{n e N | n + P e*A} = {r, e**N | ry+*/3 e**A} 
so, as a is an element in this set, it follows that 
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A £ U © V if and only if a+*f3 £*A. 

Since this holds for every A £ U, we obtain that a+*(3 £ G^. 
3) The proof is analogue to that of point (2). 

□ 

Remark: In Proposition 12.161 we supposed, for sake of simplicity, that 
h(a) = h{0) = 1. If we drop this assumption, the thesis in point (2) becomes 

a + S h ( a )((3) e Gubv 
and, in point (3), the thesis becomes 

a • S h ( a )(f3) £ Guqv- 
The proof of these facts is completely analogue to that of Theorem 12.161 

Here arises a question: can we rearrange the arguments in the proof of 
Proposition ^. 161 as to obtain a similar result for generical hyperextensions of N 
(with this we mean hyperextensions where the iteration of the star map is not 
allowed)? The answer is: yes and no. 

Yes: As Puritz proved in ( |Pu72| . Theorem 3.4), in each hyperextension that 
satisfies the c + -enlarging property we can characterize the set of generators of 
the tensor product U <g> V in terms of Gu,G\i for every ultrafilters U and V, 
where U ® V is the ultrafilter on N 2 defined as follows: 

VA C N 2 , A £ U ® V ^> {n e N \ {m £ N \ (n, m) G A} e V} G U. 

Theorem 2.17 (Puritz). Let *N be a hyperextension ofN with the c + -enlarging 
property. For every ultrafilters U, V on N, 

G«®v={(«i P) e *^ 2 I a e P G G v , a < er(/3)} 7 

where 

er(P) = {*/(/?) I / G Fun(N,N),*/03) G*N \ N}. 

Since, if we denote by S : N 2 — » N the operation of sum on N and by 
S : /3N 2 -4 /3N 2 its extension to /3N, we have that U® V = S(U®V), by Puritz's 
Theorem it follows that 

Gu@v = {a + /3 \ a £ G U ,P G G v ,a < er((3)}. 

No: The characterization given by Theorem 12.171 is. somehow, "implicit": 
the most important consequence of Proposition 12. 161 is that it gives a procedure 
to construct, given a £ Gu and p £ Gy, an element 7 G Gu&v related to both 
a and (3, and this does not hold for Theorem 12. 171 

One important corollary of Proposition ^. 16l is that we can easily characterize 
the idempotent ultrafilters: 
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Proposition 2.18. LetU G /3N. Then: 

1. U®U = U <&Va,f3 G G u a+S h(a) (0) eG M o3a,/5e G w a+S h{a) (/3) G 

& W U = U Va, G G u a ■ S h{a) ((3) e G u & 3a, /3 G G u a ■ S h{a) ((3) G 
Gu- 

Proof. The thesis follows easily by points (2) and (3) of Proposition 12. 161 

□ 

In next two sections we show how the nonstandard approach to ultrafilters 
can be used to prove the partition regularity of particular nonlinear polynomials. 

3 Partition Regularity for a Class of I.e. v. Poly- 
nomials 

In jCGSJ, P. Csikvari, K. Gyarmati and A. Sarkozy posed the following 
question (that we reformulate with the terminology introduced in section 2): is 
the polynomial 

P(xi,x 2 ,x 3 , Xi) = x\ + x 2 - x 3 Xi 

injectively partition regular? This problem was solved by Neil Hindman in 
[Hinllj as an application of Theorem 11.41 that we recall: 

Theorem. For every natural numbers n,m> 1, with n + m > 3, the nonlinear 
polynomial 

n m 
1=1 ]=1 

is injectively partition regular. 

We start this section by proving the previous theorem using the nonstandard 
approach to ultrafilters introduced in section 2, and then we generalize the result 
to a more general set of polynomials. 

One key result in our approach to the partition regularity of polynomials is the 
following: 

Theorem 3.1. If P(xi, ...,x n ) is an homogeneous injectively partition regular 
polynomial then there is a nonprincipal multiplicatively idempotent Lp-ultrafilter. 

Proof. Let 

I P = {U G | U is a ip-ultrafilter}, 
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and observe that Ip is nonempty since P{x\, ...,x n ) is partition regular. By 
the definition of tp-ultrafilter, and by Theorem l2.9[ it clearly follows that every 
ultrafilter in IA is nonprincipal, since \Gu\ = 1 for every principal ultrafilter. 

Claim: Ip is a closed bilateral ideal in (/3N, 0). 

If we prove the claim, the thesis follows by Ellis's Theorem (see |E157| ). 
Ip is closed since, as it is known, for every property P the set 

{U G /3N | G U A satisfies P} 

is closed. 

Ip is a bilateral ideal in (/3N, 0): let U be an ultrafilter in Ip, let ai, a n be 
mutually distinct elements in GuP\*N with P(ai, ...,a n ) — and let V be an 
ultrafilter in j3N generated by (3 G*N. 

By Proposition it follows that a\-* j3,...,a n -* j3 are generators of UQV. They 
are mutually distinct and, since P(x\, x n ) is homogeneous, if d is the degree 
of P{x\, ■■■,x n ) then 

P(a v */3,...,a n -*p) =*/3 d P(ai,...,a n ) = 0. 

So U V is a ip-ultrafilter, and hence it is in Ip. 
The proof for VQU is completely similar: in this case, we consider the generators 
(3-*a±, ...,/3-*a„, and observe that 

Ptfl-*a u (3-*a n ) = p d P{*ai, .„>„) = 

since, by transfer, if P(ai, ...,a n ) = then P(*ai, ...*a n ) = 0. 
So Ip is a bilateral ideal, and this concludes the proof. 

□ 

Remark: Theorem 13.11 is a particular case of (Theorem 3.3.5, [Lupl2]) 
which, roughly speaking, states that whenever we consider a first order open for- 
mula tp(x±, ...,x n ) that is "multiplicatively invariant" (with this we mean that, 
whenever tp(ai, a n ) holds, for every natural number m also ip(m-ai, m-a n ) 
holds) the set 

Itp = {U G /3N | \/A G U 3oi, a n such that ip(ai, a n ) holds} 

is a bilateral ideal in (/3N, 0) and this, by Ellis's Theorem, entails that 1^ 
contains a multiplicatively idempotent ultrafilter (and we can prove that this 
ultrafilter can be taken to be nonprincipal). Similar results holds if tp(xi, ...,x n ) 
is "additively invariant", and for other similar notions of invariance. 

As a consequence of Theorem 13.11 we can reprove Theorem 11.41 
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Theorem. For every natural numbers n,m> 1, with n + m > 3, the nonlinear 
polynomial 

n rn 

xi - n % 

<=1 3=1 

is injectively partition regular. 

Proof. If n > 2, m = 1, the polynomial is X)<=i x i~~Di and we can apply Rado's 

m 

Theorem. If n = l,m > 2 the polynomial is x — Y[ Hi, and we can apply the 

multiplicative analogue of Rado's Theorem (Theorem II. 3[) . 
So, we suppose n > 2, to > 2 and we consider the polynomial 

n 

i?(xi, ...,£„, J/) : J2 x i~ V- 

i=l 

By Rado's Theorem, R(x±, x n ,y) is partition regular so, as observed in 
section 2, since it is linear it is, in particular, injectively partition regular. Since 
it is homogeneous, in conseque of Theorem 13.11 there exists a multiplicatively 
idempotent i^-ultrafilter 1A. Let ai, a„, /? be mutually distinct elements in 

n 

G u n*N with on - P = 0- 

i=l 

Now let 

m 

i= n Si^). 

For i = 1, n pose 

A; = ai ■ 

and, for j = 1, to, pose 

Mj = <Sj(/3). 

Now, for i < n, j < m pose Xi — Xi and yj = fij. Since U is multiplicatively 
idempotent, all these elements are in Gjj- Also, 

J2\ t - nft = i(E«i-j3) = o, 

i—l j—^ i—1 

and this shows that U is a ip-ultrafilter. In particular, P(x\, x n ,yx, y m ) 
is injectively partition regular. 

□ 

These ideas can be slightly modified to prove a more general result: 

Definition 3.2. Let m be a positive natural number, and {yi, ...,y m } a set of 
mutually distinct variables. For every finite set F C {l,..,m}, we denote by 
Qf(V1i Vm) the monomial 
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f II Vj, ifF^Q; 
Q F (yi,...,y m ) = I 

(l, ifF = %. 

n 

Theorem 3.3. Let n > 2 be a natural number, R(x\, x n ) = E OjXj a par- 

tition regular polynomial, and m a positive natural number. Then, for every 
F\,...,F n C {l,..,m} {with the request that, when n = 2, F\ U Fi ^ 0), the 
polynomial 

n 

P(xi,...,x n ,yi,...,y m ) = E aiXiQ Fi {yi,...,y m ) 

i=l 

is injectively partition regular. 

Proof. If n = 2, since in this case we suppose that at least one of the monomials 
has degree greater than one, we are in a particular case of the multiplicative 
analogue of Rado's Theorem with at least three variables, and this ensures that 
the polynomial is injectively partition regular. Hence we can suppose, from now 
on, n > 3. 

Since R{x%, ...,x n ) is linear (so, in particular, it is homogeneous) and partition 
regular, by Theorem 13.11 it follows that there is a nonprincipal multiplicatively 
idempotent ^-ultrafhter IA. Let u\, ...,a n e*N be mutually distinct generators 
of U such that R(a%, ...,a n ) = 0, and let j3 £*N be any generator of U. For 
every index j < m, pose 

ft = S0) e Gu- 

Observe that, for every index j < m, ft e Gu- Pose, for every index i < n, 

Vi = (*i ■ ( n fa)- 

Since U is multiplicatively idempotent, r\i £ Gu for every index i < n. 
Claim: P(r?i, r) n , ft, /3 m ) = 0. 
In fact, 

n 

P(r]l,-,11n,Pl,-,Pm) = E dirnQ Fi (Pi,-,Pm) = 

1=1 

71 71 771 771 71 

= e 0iOi( n ft-x n ft) = e oi«i( n ft) = ( n ft) e = o. 

i=l i&Fi j&Fi i=l j=l j = l i=l 

This shows that, posing Xj = for i = 1, n and ?/j = ft for j = 1, m, 
we have an injective solution to P{x\, x n , yi, y m ) in G^, and this entails 
the thesis. 

□ 
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Three observations: 



1 . as a consequence of the argument used to prove the theorem, the ultrafiltcr 
IA considered in the proof is both a tp-ultrafilter and a tp-ultrafilter; 

2. observe that some of the variables y\, ...,y m may appear in more than a 
monomial: e.g., the polynomial 

P(x 1 ,x 2 ,x 3 ,X4,x 5 ,y 1 ,y 2 ,y3) ■ x x yiy 2 + ^x 2 yiy2yz - ix 3 y 3 - 2x 4 yi + x 5 

satisfies the hypothesis of the above theorem, so it is injectively partition 
regular; 

3. Theorem 11.41 is a particular case of Theorem 13. 31 

Theorem 13.31 can be reformulated in the following way, which will lead to 
the generalization given by Theorem 14.21 

Definition 3.4. Let 

k 

P(xi, -,x n ) : ^aiMi(xi, ...,x n ) 

i=l 

be a polynomial, and let M\{x\, ...,x n ), ...,Mk(x±, ...,x n ) be the distinct monic 
monomials of P{x\, x n ). We say that {vi, ...,Vk} C V(P) is a set of exclu- 
sive variables for P(x\, x n ) if, for every i,j < k, dMi{vj) > 1 i = j. 
In this case we say that the variable Vi is exclusive for the monomial Mi(x\, x n ) 
in P(xi, x n )- 

E.g., the polynomial P(x, y, z, t, w) : xyz + yt — w admits {x, t, w} or {z, t, w} 
as set of exlusive variables, while the polynomial P{x, y, z) : xy + yz — xz does 
not admit a set of exclusive variables. 

Observe that the above definition can be also restated in the following way: given 
a polynomial P(x-y, x n ) as above, we call reduct of P (notation Red(P)) the 
polynomial: 

k 

Red(P)(yi, ...,y k )- E a^. 

i=i 

E.g., if P(x, y, z, t, w) is the polynomial xy + Ayz — 2t + yw, then 
Red(P)(yi,y 2 ,2/3,y4) = V\ + 4y 2 - 2y 3 + y 4 . 

As a consequence of Rado's Theorem, we have that P(x\, x n ) satisfies 
Rado's condition if and only if Red(P) is partition regular. 

As a consequence of Theorem 13.31 we obtain the following result: 
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Corollary 3.5. Let n > 3, fc > n be natural numbers, 

k 

P(x-L,...,x n ) = y^ j a i M i (xi,..,,x n ) 
i=i 

be a l.e.v. polynomial, and suppose that P(x\, x n ) admits a set of exclu- 
sive variables and that it satisfies Rado's Condition. Then P(x±, x n ) is an 
injectively partition regular polynomial. 

Proof. If n = fc, the polynomial is linear and the thesis follows by Theorem 
11.11 So we can suppose that fc > n. By reordering, if necessary, we can suppose 
that, for j — 1, fc, the variable Xj is exclusive for the monomial Mj{x%, x n ). 
Then, by Rado's condition, the polynomial 

fc 

i=l 

is partition regular. If F = {1, n — fc}, for i < fc we put 

Fi = {j e F | Xj+it divides Mj(xi, ...,x n )}. 

Then if we put, for j < n — fc, fjj = x^+fc, P(x±, x n ) is, by renaming the 
variables, equal to 

fc 

a i x l Q Fi (y 1 , ...,y n _ fe ). 

The above polynomial, in conseque of Theorem 13 . 31 is injectively partition 
regular, and this entails the thesis. 

□ 

Corollary 3.7 talks about l.e.v. polynomials; in section 4 we show that there 
are also non l.e.v. polynomials that are partition regular, provided that they 
have "enough exclusive variables" in each monomial. 

4 Partition Regularity for a Class of Nonlinear 
Polynomials 

This section is dedicated to proving that there are many non l.e.v. polyno- 
mials that are partition regular such as, for example, the polynomial 

x 3 y + x 2 wi — xt\tit-it^ + Z1Z2Z3. 

To introduce our main result, we need the following notations: 

fc 

Definition 4.1. Let P(xx, x n ) = a iMi(x\, ...,x n ) be a polynomial, and let 

i=i 

M\(xi, x n ), Mk(x\, x n ) be the monic monomials of P{x\, x n ). Then 
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• NL(P)={x G V(P) | d(x) > 2} is the set of nonlinear variables of 
P\X\ , . . . , x n ) } 

• for every i < k, \\ — max{d(i) — di{x) \ x £ NL(P)}. 
Theorem 4.2. Let 

k 

P(x!,...,x n ) = yiajMijxi, ...,x n ) 

i=l 

be a polynomial, and let M±(xi, X n ),...,Mk(xi, x n ) be the raonic mono- 
mials of P(xi, x n ). Suppose that k > 3, that P{x%, x n ) satisfies Rado's 
Condition and that, for every index i < k, in the monomial Mi(x\, ...,x n ) there 
are at least m.; = max{l,/i} exclusive variables with degree equal to 1. 
Then P(x\, x n ) is injectively partition regular. 

Proof. We rename the variables in V(P) in the following way: for i < k let 
Xi t \, Xj iTni be mi exclusive variables with degree equal to 1 for Mi{x\, x n ). 
Let 

E = {xi.j i < k, j < m,i} 

and NL(P) = { Vl , y h }. Finally, let { Zl , z r } = V(P) \ (E U NL(P)). 
We suppose that the variables are ordered as to have 

P(xi, —,X n ) = P(xi t i, ■■■,Xi tTni ,X2,l, ■■■;Xk,m k ,Zl, Zr, 2/1, Dh)- 

Pose 

...,z r ) = P(xi t i,...,z r , 1, 1, 1). 

By construction, and by hypothesis, P(x\^\, z r ) is a I.e. v. polynomial 
with at least three monomials, it satisfies Rado's Condition and it has at least 
one exclusive variable for each monomial. So, by Theorem 13.31 it is injectively 
partition regular. Let hi be a multiplicatively idempotent ultrafilter such that 
in Gu there is an injective solution (ai ( x, Q-k,m k ,Px, Pr) to P{xx,i, z r )- 
Let 7 be an element in G u \ {"1,1, — , ak,m k ,Pi, Pr}- 
Consider 

v= ft s^y^. 

i=l 

h 

For i = 1, k pose Mf L = Sj(j) d ^ and 

m= m^t= ft Sjfr)*™-*™. 
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Observe that the maximum degree of an element Sj(j) in rn is, by construc- 
tion, U. 

Finally, for 1 < j < rrii, pose I itj = {s < h d(y s ) - di(y s ) > j} and 

7ij = n ^(7)- 

With these choices, we have 

rrii 

II 7<j = m 

3=1 

and, by construction, {7^ \ i < k,j < rrii} C Gu since U is multiplicatively 
idempotent. 

We also observe that, for every i < k, Y[ 7» j ] ' M^ L = 77. 
Now, if we set, for i < k and j < rrii: 

a i,j ' Ji-j ifij > 1, or 

cti,j if h = 0; 

and 

• Vi = Si(j) for i < h; 

• Zi — Pi for i < r 
then 

P(xi A ,...,x k , mk ,zi, ...,z r ,yi, ...,yh) = 

= T] ■ P(ais, ...,a k , mk ,Pi, ...,P r , 1, 1) = 0, 

so P{x\ .1, yu) is injectively partition regular, since to the variables have 
been given values in Gu ■ 

□ 

In order to understand why we have requested k > 3 we observe that one 
of the crucial points in the proof is that, when we pose y = 1 for every y e 
NL(P), the polynomial P(xi ! i, z r ) that we obtain is injectively partition 
regular. When k = 2, let M\(x\, x n ) and M2(x\, x n ) be the two monic 
monomials of P(x\, x n ) and, if D(x\, x n ) is the greatest common divisor 
of M 1 (x 1 , ...,x n ), M 2 (x 1 ,...,x n ), pose 

for i — 1, 2. We have 
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P(xi, ...,x n ) = D(x 1 ,...,x n )(Q 1 (x 1 ,...,x n ) - Q 2 (xi, ...,!„)), 

and it holds that P{x\, x„) is injectively partition regular if and only if 
R{x\, i„) = Q\{x\, a; n ) — Q 2 {xi, x„) is, since D{x\, a; n ) is a nonzero 
monomial. 

Now there are two possibilities: 

1. NL(R) ^ in which case, since for every y 6 NL(R) y divides Qx(x%, x n ) 
if and only if y does not divide Q 2 (xi, ...,x n ) (which holds because, by con- 
struction, Qi(xi, x n ) and Q2(xi, x n ) are relatively prime), in at least 
one of the monomials there are at least two exclusive variables, and this 
entails that the polynomial R(x\ t i, z r ) is injectively partition regular 
by Theorem [331 

2. NL(R) — in which case R(x±, x n ) is a I.e. v. polynomial with only 
two monomials, so it is injectively partition regular if and only if n > 3. 

By the previous discussion (and using the same notations) it follows that, 
when k = 2, if the other hypothesis of Theorem 14.21 hold then the polynomial 
P(xi, ...,x n ) is injectively partition regular if and only if there do not exist two 
variables Xi, Xj € V{P) such that R(x±, x n ) — X4 — Xj. 

We conclude this section by showing with an example how the proof of Theorem 
14.21 works. Consider the polynomial 

P{X\,\, 3!2,1, X 2 ,2, X 3 ,l, X 3t2 , X44, 334,2, %2, Z/l, Hi) = 

= x\.\y\y\ + x 2: ix 2 ,2Ziyl - 2x3,1X3,2222/1 + £4,1X4,2, 

where we have chosen the names of the variables following the notations 
introduced during the proof of Theorem 14.21 
Let 

P(xi,i, 14,2,^1,^2) = £1,1 + X 2 , 1X 2 , 2Zl - 2x 3 ,iX3, 2 Z2 + X 4 ,iX 4 ,2, 

let IA be a tp-ultrafilter and let ai,i, 04,2, /3i, /3 2 S*N be mutually distinct 
elements in Gu such that 

0:1,1 + 02,102,2/^1 ~ 2a3,iQ!3,2j82 + 04,104,2- 
Take 7 e G u \ {01,1, -, 04,2, Pi, /3 2 }. 

Pose: 72,1 = 72,2 =*7, 73, 1 =*7**7, 73,2 =**7, 74,1 = 74,2 =*7**7 and 
finally pose 

• £1,1 = 01,1; 

• 352,1 = 2 ,l • 72,1; 



20 



• £2,2 = a 2 a • 72,2; 

• ^3,1 = «3,1 ■ 73,i; 

• £3,2 = a3 : 2 • 73,2; 

• X44 = 0:4,1 • 74,1 ; 

• X 4 , 2 = «4,2 • 74,2; 

• zi = ft ; 

• z 2 = /3 2 ; 

• 2/1 =*7; 

• 2/2 =**7- 

With these choices, we have: 

P(xi,i,x 2 ,i,x 2 ,2, £3,1, £3,2, 2:4,1 1 2:4,2, Zi, Z2, 2/1,2/2) = 
= ai,r*7 2 '**7 2 + a2,ia 2 ,2/3i*7 2 **7 2 ~ 2a 3 ,ia3,2^2*7 2 **7 2 + 04,10:4, 2*7 2 **7 2 = 

=*7 2 **7 2 P(otl ) l, Qt 2 ,l, Q!2,2, Q!3,l, "3,2, 4 ,1 , 4 ,2 , Pi , /3 2 ) = 0, 

so P(xi t -L,X2,i,X2,2,X3,l,X3,2,X4,,i,X4, l 2,Zi,Z2, 2/i,2/2) has an injective solution 
in Gu, and this entails that 2:2,1, 2:2,2, 2:3,1, £3,2, 2:4,1, 2:4,2, Z\, z 2 , yi, 2/2) is 

injectively partition regular. 



5 Conclusions 

A natural question would be if the implications in Theorem [3T31 and/or The- 
orem [4?2] can be reversed. The request on the existence of exclusive variables is 
not necessary: in [CGS] it is proved that the polynomial 

P{x, y, z) = xy + xz — yz 

is partition regular (it can be proved that it is injectively partition regu- 
lar), and it does not admit a set of exclusive variables. The request on the 
Rado's Condition is more subtle: by slightly modifying the original arguments 
of Richard Rado (that can be found, for example, in [GRS90J) we can prove that 
this request is necessary for every homogeneous partition regular polynomial, 
but it seems to be not necessary in general. For sure, it is not necessary if we 
ask for the partition regularity of polinomials on Z: in fact, e.g., the polynomial 

P[x%, X2, X3, yi, 1/2) = xiyx + x 2 y 2 + x 3 
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is injectively partition regular on Z even if it does not satisfy Rado's Condi- 
tion. This can be easily proved in the following way: the polynomial 

R(x 1 ,x 2 ,x 3 ,y 1 ,y 2 ) = xiyi + x 2 y 2 -xa 

is, by Theorem 13.31 injectively partition regular on N and if il a is a Lr- 
ultrafilter, then is a ip-ultrafilter; in fact, if a\, a 2 , as, /3\, /3 2 are elements 
in Gix a such that R(a\, a 2 , as, f3\, fi 2 ) — 0, then — a%, — a 2 , — a 3 , — p%, — /3 2 are 
elements in Gu_ a and, by construction, 

P(-ax, -a 2 , -a 3 , -fa, -fi 2 ) = 0. 

Furthermore, the previous example also shows that, while in the homoge- 
neous case every polynomial which is partition regular on Z is also partition reg- 
ular on N, in the non homogeneous case this is false, since P{xi,x 2 ,xs,y\,y 2 ), 
having only positive coefficients, can not be partition regular on N (it does not 
even have any solution in N \ {0}). 

Finally, Rado's Condition alone is not sufficient to ensure the partition regular- 
ity of a nonlinear polynomial: in [CGSJ the authors proved that the polynomial 

x + y — z 2 

is not partition regular on N, even if it satisfies Rado's Condition. 
We conclude the paper summarizing the previous observations in two questions: 

Question 1: Is there a characterization of nonlinear partition regular poly- 
nomials on N in "Rado's Style", i.e. that allows to conclude if a polynomial 
is, or is not, partition regular by simply making a computation that involves 
only coefficients, exponents and, maybe, number and degree of the variables and 
monomials in the polynomial? 

Question 1 seems particularly challenging; an easier question, that would 
still be interesting to answer, is the following: 

Question 2: Is there a characterization of homogeneous partition regular 
polynomials (in the same sense of Question 1)? 
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